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1 Introduction

The present paper deals with characterizations of iterated tensor products of
Sobolev and Besov spaces on R. Our main results are the identities

1 T _ QT1,e.T d
Bl (R) @, . .. @ BJ4(R) = ST B(RY)
forO<p<oo,r,€eR,i=1,...,d, and
r1 T L QT1,eT d
HN(R) @, ... @ HI(R) = SI-"¢ H(RY)

forl < p<ooandr; € R, i =1,...,d. Here a denotes a specific tensor
(quasi-)norm depending on p. Based on these formulas we will discuss a new
approach to estimates of certain best approximations related to hyperbolic
crosses. Here we concentrate on tensor product splines and derive results paral-
lel to the well-known estimates for trigonometric polynomials with frequencies
from hyperbolic crosses. In addition we consider best m-term approximation
with respect to tensor product wavelet systems oriented on some recent results
of Nitsche [22].

Function spaces of dominating mixed smoothness have been introduced by
Nikol’skij around 1962. They are systematically studied by Amanov [1],
Schmeisser [29] and Vybiral [48]. Connections to hyperbolic cross approxima-
tion (in the context of periodic functions) may be found in Temlyakov [37],
Sprengel [35] as well as in [34] and [45]. Definitions will be recalled in Ap-
pendix A.

There is a well-developed abstract theory for tensor products of Banach spaces,
cf. the monograph Defant and Floret [8]. Since we are dealing with function
spaces and sequence spaces only we do not need the abstract theory in its full
generality. Our approach is based on the treatment of Light and Cheney [20].
Basic concepts of the abstract theory of tensor products of Banach spaces are
collected in Appendix B. There we also discuss an extension of the projective
norm to tensor products of certain quasi-Banach spaces. This is parallel to the
approach suggested by Nitsche [22].

Acknowledgement: We would like to thank Markus Hansen for a critical
reading of a preliminary version of this manuscript and for several valuable
hints to improve it.

Notation

The symbols R, C,N, Ny and Z denote the real numbers, complex numbers,
natural numbers, natural numbers including 0 and the integers. The natural
number d is reserved for the dimension of the considered Euclidean space R®.
The Euclidean distance of z € R? to the origin is given by |z|, whereas the



(4-norm is denoted by |z|;. We often need further vector-type quantities like
indices and parameters. They are denoted by ¢, k,j and 7 with numbered
components . As usual we put 7+ = (r{ + £y, ..., 7g+Lg), X\- £ = (X- L1, ..., \-
Ed) , NER, and/_f-f:k17“1+...+kdrd.

For a multi-index & we define the differential operator D® by

_ olah

D¥= ———M .
Ozt - - - 0z

Let X and Y be quasi-Banach spaces. Then £(X,Y’) denotes the class of all
linear and bounded operators P : X — Y equipped with the usual quasi-norm.
We also use the notation a =< b if there exists a constant ¢ > 0 (independent
of the context dependent relevant parameters) such that

clta<b<ca.

Constants will change their value from line to line, sometimes indicated by
adding subscripts.

2 Main results

To begin with we describe our results on the representation of certain Besov
as well as Sobolev spaces of dominating mixed smoothness as iterated ten-
sor products of Besov and Sobolev spaces defined on R. As an application
we obtain characterizations by means of wavelets under improved conditions.
Then we continue with a discussion of some applications to hyperbolic cross
approximation.

2.1 Tensor products of Sobolev and Besov spaces

Recall the definitions of the distribution spaces in Appendix A. Basic notions
of tensor products can be found in Appendix B.

Theorem 2.1 (Tensor products of Sobolev spaces) Let 1 < p < oo,
deN, and ry,ry, ..., g1 € R. Then

1 Tyl d\ __ QT d T
Hp (R) Qa,, Sp 1 H(RY) = Sp ¢ H(R?) Ray de“(R)
 QT1,T2,e.T, d+1
— Griraeran F (R (2.1)

Remark (i) Here and in what follows we identify Syt H(R?) and
Spr-rant H(RY) with HJ'(R) and H7*(R) if d = 1.



(ii) The norms on the left-hand side and on the right-hand side in (2.1) coin-
cide. That could be of some interest for the investigation of the d-dependence
of some operators, in particular for large d.

(iii) Defining for m > 2

Xl ®ap X2 ®ap o Bg Xm = Xl ®ap ( .. Xm—2 ®ap (Xm—l ®ap Xm))

P

we obtain an interpretation of Syt H(R?) as an iterated tensor product of
the Sobolev spaces of fractional order. In all cases of occurence of iterated
tensor products of quasi-Banach spaces considered in this paper the resulting
space will not depend on the order of the tuples which are formed during the
process of calculating X; ®q, Xo ®q, ... @a, X, €.,

(X1 ®a, X2) ®a, X3 = X1 Qq, (X2 ®a, X3).

(iv) In the periodic case with d = 1 formula (2.1) is already known, see
Sprengel [35].

Theorem 2.2 (Tensor products of Besov spaces)
Letd > 1 and let ry,...,rq.1 € R.
(i) Let 1 < p < co. Then the following

1 r2,.‘. T d r1 ,,,,, T d T
BV (R) ®q, S2 " B(RY) = S0 " B(R?) ®q, By (R)
T1,725eeT d+1
= SM a1 B(R*H) (2.2)
holds true in the sense of equivalent norms.

(ii) Let p = 0o. Then we have

BY o (R) @ S B(RY) = SLu5" BRY) @5 Bl (R)
— S’rl T2 yeeey rd+1B(Rd+1)

in the sense of equivalent norms.
(iii) Let 0 < p < 1. Then the following formula

By (R) @, Sy 741 B(RY) = 87 B(RY) @, Byag* (R)
1,7, d+1
— Sp,p d+1B(R + )

holds true in the sense of equivalent quasi-norms.



(c) Nitsche [22] has introduced tensor products of Besov spaces with 0 < p < 1
in connection with best m-term approximation for tensor product wavelets.
But in his paper, no relation to spaces of dominating mixed smoothness is
given.

(d) In a periodic context (2.2) (with d = 1) has been proved earlier in [33].

2.2 Wavelets and spaces of dominating mized smoothness

Since many years it is well-known that isotropic Besov spaces as well as
isotropic Sobolev spaces allow a discretization. That means, there exist iso-
morphisms onto sequence spaces, see Subsection A.3.1 for details.

The following sequence spaces play a major role in our investigations.

Definition 2.3 Let 0 < p < oo and let r,ry,...,7q € R.
(i) We put

XX it 1/p
b= {(aﬁk)jﬁcc: lalby] = (Z Y ol p>p|aj,k|p) <oo}

j=0k=—00

(modification if p = c0) .
(ii) Furthermore, let

S;L...,’r‘db:: {(a/j,k’)j,k C C: || a |S;17"-77'db|| =

1_1

> 9(1(r+g=3)++ia(ratz—3))p |aj,k|p>1/p < OO}

jENE kezd

(modification if p = o).

(iii) By bgo we denote the closure of the finite sequences with respect to the
norm || - [bL]|.

(iv) By §tL"b we denote the closure of the finite sequences with respect to
the norm || - |sii"db||.

These classes, as indicated by the notation, are related to the Besov spaces.
For describing the potential spaces H)(R) and S;--"H(R?) the following
more complicated sequence spaces are necessary. To begin with we need a few
further notation. Let X’ be the characteristic function of the interval (0,1).
We put

Xip(t)=22x(2t—k), teR, k€Z, jeN,.
Let us further define

Xip =X ® .. @Xjupy, 7=, 1Ja) ENG, k= (ki,... kg) €Z"



Definition 2.4 Let 0 <p < oo and r,ry,...,rq € R.
(i) We put

Iy ::{(am)j,k cC:

lalipll-= H <i( i 27" |aj,k|Xj,k)2>1/2

7=0 “k=—00

Lp(R)H < oo}.

(ii) Furthermore we define

8]7;1,...,1”df :{(aﬁ,l_ﬂ)j,]g cC: H a ‘S;lv~--77“de =

2\ 1/2
H < Z < Z 9(dirit..+jara) |aj]_€| Xj E) >

jeNg " kezd

Lp(Rd)H < oo}.

Our results on tensor products have some nice applications.

Theorem 2.5 (Sequence space isomorphisms)
Letd>1andry,...,rqg € R.

(i) Let 1 < p < oo. Let J; : HJ'(R) — fri, i =1,...,d, be linear isomor-
phisms. Then J1®...®J; : S;l"“””dH(Rd) — s, f s a linear isomorphism
as well.

(ii) Let 0 < p < oo. Let J; : By (R) — by, i = 1,...,d, be linear isomor-
phisms. Then J1®...®@ Jg: Sy B(RY) — sTv"b is a linear isomorphism
as well.

(iii) Let p = oco. Let J; : ngoo(]R) — 0%, i=1,....d, be linear isomorphisms.

Then Ji®...®Jq: ggé:;g’”dB(Rd) — §tLoTah s a linear isomorphism as well.

This has immediate consequences for the discretization of our classes
Spr-ra H(RY) and S7t--¢ B(R?), respectively. We need some further notation.
Let ¢;,: R—>C,j€Ny, k€Z,i=1,...,d, be a given system of functions.
Then we define ¥ to be the collection of all functions

Vi1, 1q) = ¢;1,k1(x1) C '¢§ld,kd($d)> jENL kezt. (23)

As usual, (f,g) denotes the Lo scalar product of f and ¢ if both belong to Ls.
However, in many situations we have to interpret (f,g) as the application of
the tempered distribution f to g. Since g will not belong to S in general this
question needs some care. For this we refer to Appendix A, Subsection A.3.

Corollary 2.6 Letd > 1 and ry,...,rg € R.
(i) Let 1 < p < oo. Let (¥},);x be an unconditional basis of H}'(R) such that

I/ |Hy (R)]

)

I{f, 5 1S




holds for all f € H'(R) and all i =1,...,d. Then the system of functions ¥
is an unconditional basis of Syt~ H(R?) such that

LFISm HRY = || (fs ) |5 f |

holds for all f € Syt-"1H(R?).
(ii) Let 0 < p < oo. Let (¥} ,);x be an unconditional basis of B} (R) such that

1f 1By R = (1S 50 B

holds for all f € B)i,(R) and all i =1,...,d. Then the system of functions ¥

is an unconditional basis of Syt"B(R?) such that

1718557 BE) =< | (F w5 sy

holds for all f € Syt B(R?).

p
(ili) Let (¢} )ik be an unconditional basis of BL . (R) such that

IFIBL R =< [ {f 50 105

holds for all f € é;jp(R) and all i = 1,...,d. Then U is an unconditional
basis of ST B(RY) such that

,O0

I F IS5 BRI = | (f 0500 shebl|

holds for all f € STi=-m B(RY).

,00

Remark Observe that we only need to know the restrictions for the wavelet
isomorphism for d = 1. No further conditions enter.

2.8  Nonlinear approrimation and spaces of dominating mized smoothness

Let 0 < p < 2. Let ¢ be an orthonormal scaling function and 1 be an associ-
ated wavelet such that the system (1;x);x given by

Yor(t) =@t —k)  and  ¢jk(t) = 272920t — k),

where t € R,k € Z and j € Ny, yields an unconditional basis of B;gup_l/ 2(R)
satisfying

1

1FIBE @ = 1) 1081 = 14 ) 6]



for all f € B/P~1/2(R). By ¥, see (2.3), we denote the corresponding tensor
product system. Further, let

Zmiz{ > airvir . ACNixZ7, |A|§m}’ men,
(G.R)EA

(here |A| denotes the cardinality of the set A). The best m-term approximation
of f € Ly(R?) by the tensor product wavelet system ¥ with respect to the
Lo-norm is the quantity

ol f =it { £ = g|L(RY) : g€ S},

For s > 0 and p as above we consider the approximation space A%(Ly(R?)),
see e.g. [9], as the collection of all f € Ly(R?) such that

o0

17 1AL @) = 1 L@+ (3 |

1/p
[m® o ( 2]p) < 0.
m=1

1

Mainly as a corollary of the characterization of A} 2 (Ly(R%)), see e.g. Pietsch
[25] or DeVore [9, Thm. 4], and of Corollary 2.6 we obtain the following.

Theorem 2.7 (Nonlinear approximation spaces) Let 0 < p < 2. Then
we have

A5 (La(RY) = S5 BRY)

in the sense of equivalent quasi-norms.

tensor product BYPV/2(R)®,, ... ®, BYP~1/2(R) Theorem 2.7 has been proved
in Nitsche [22]. Our treatment of tensor products, see Theorem 2.2, allows to
identify this approximation space with a Besov space of dominating mixed
smoothness. Recall, that these spaces can be described by means of differences
and derivatives, cf. [31] and [44].

2.4 Splines and spaces of dominating mized smoothness

A case of particular importance is given by choosing J; = ... = J; to be an
isomorphism associated to an orthonormal spline wavelet system.

Let m € N. Let X be the characteristic function of the interval (0,1). Then
the normalized cardinal B-spline of order m + 1 is given by

Nii1(z) := N 5 X(z),  z€R, meN,



beginning with A7 = X. Let F denote the Fourier transform and F~! its
inverse transform. We normalize these transformations by

]-"f(f)::\/lz_ﬁ/o;e_”gf(x)dx, £eR, feLy(R).

R FNn(€) 0 eem,
T [( 5 J-"Nm(§+27rk)2)1/2}(> B

k=—o0

we obtain an orthonormal scaling function which is again a spline of order m.
Finally, by

o0

¢m(x) = Z <90m(t/2)a Som(t - k>> (_1)k Som(zm +k+ 1)

k=—o00

we obtain the generator of an orthonormal wavelet system. For m = 1 it is
easily checked that —i;(z — 1) is the Haar wavelet. In general these functions
¥, have the following properties:

(i) by, restricted to intervals [4 ¥1] k € Z, is a polynomial of degree at most

20 2
m — 1.

(i) Ym € C™2(R) if m > 2.

iii) 1(m=2 is uniformly Lipschitz continuous on R if m > 2.

iv) There exist positive numbers 7, and sequences (c), and (dy)y such that

(
(

k=—o00 k=—o0
and
sup (|cx| + |di|) ekl 5o and max sup Wﬁ?(m)\ emlel o o
keZ 0<l<m—2 4R

(v) The functions 1, satisfy a moment condition of order m — 1, i.e.
/O;xewm(m)d:vzo, (=0,1,...,m—1.
It will be convenient for us to use the following abbreviations:
Voi(@) = mle — k) and @ (e) =220, (P — k), (24)
where x € R, k € Z and j € Nj.

Let us now focus on the mapping

Ry : [fw ((fv Tk»]}k"



Proposition 2.8 Let m € N.

(i) Let 1 < p < oo and suppose —m + 1 < r < m — 1. The mapping R,
generates an isomorphism of HJ(R) onto f.

(ii) Let either 1 <p <oo and —m+1/p<r<m-—-1+1/por0<p<1
and —m + zl) < r < m. Then the mapping R,, generates an isomorphism of
By (R) onto b}

(iii) Let —m < r < m — 1. The mapping R,, generates an isomorphism of
BEQO’OO(R) onto b7.

Remark (a) The content of this proposition is essentially well-known, see
Bourdaud [5], Frazier and Jawerth [12], Meyer [21], Lemarie and Kahane [19]
or DeVore [9]. More details will be given later on. However, we wish to mention
that the case m = 1 has its own history. The characterization of Besov spaces
by means of the Haar basis attracted some attention in the literature, see
e.g. Ropela [27], Oswald [23] and Triebel [39,40] for earlier papers with this
respect.

(b) Wavelet characterizations of Besov spaces with p < 1 are investigated
e.g. in Bourdaud [5], Cohen [6], Kyriazis and Petrushev [18] and Triebel [42].
Cohen and Triebel concentrate on biorthogonal (orthogonal) wavelets with
compact support.

(c) Observe that the interval —m + 1 < r < m — 1 is empty if m = 1, i.e.
for the Haar basis. It still seems to be an open question whether the spaces
Hy(R), p # 2, =1+ 1/p < s < 1/p, can be characterized by means of the
Haar basis. For p = 2 this is guaranteed by H35(R) = B3 ,(R) in the sense of
equivalent norms.

As an immediate conclusion of the preceeding proposition and Corollary 2.6

we obtain assertions on the characterization of the spaces ;"¢ H(R?) and
d ~

Sy B(RY), respectively. Of course, W™ denotes the system W, cf. (2.3),

generated by ¢,, and ¥,,.

Theorem 2.9 (Spline wavelet isomorphisms)

Let d > 1. (i) Let 1 < p < oo and —m+1 < r,...,rqg < m —1. The
spline system W™ is an unconditional basis of S;lv“"’"dH(Rd). The quantity
[ (f ) [sytme f|| represents an equivalent norm in Sy H(RY).

(i) Let either 1 <p <oo and —m+1/p<r<m-—-1+1/por0<p<1

and —m +]19 < r < m. The spline system W™ is an unconditional basis

of Spb"aB(RY). The quantity || (f, T [sphTab|| represents an equivalent
quasi-norm in ST B(R?).
(iii) Let —m < ri,...,ra < m — 1. The spline system W™ 1is an uncondi-

tional basis of Siysz" B(R?). The quantity || (f, ) |stoTab]| represents an

equivalent quasi-norm in STi:. "t B(R?).

10



Remark Kamont [17] has proved a similar result for the spaces
ST B([0, 19,1 <p<oo,m =1y = ... =1q >0, but using a different
system of splines, at least if m > 1. The case p = 2 and m = 1 may be found

in Oswald [24] as well.
2.5 Approximation from the hyperbolic cross

We concentrate on the case r; = r9 = ... = r; > 0. Here we make use of the
conventions Sp H(R?) = S»+"H(R?) and S;  B(R?) = S}»"B(R?).

7p
In [10] the following type of approximation related to hyperbolic crosses is

considered. Define

ljl1<n kezd
We are interested in determining the asymptotic behaviour of the quantities

11— P |L(S,,BRY), LR and |1 =P [L(SpH(R), L(RY))]

as n tends to infinity. Mainly as a consequence of Theorem 2.9 one obtains
the following.

Proposition 2.10 Letd > 1.
(i) Let 1 <p<ooand 0 <r <m—1. Then

11— P |L(SpH (R, LyRY)[ < 27, néeN,

holds.
(i) Let 0 < p < o0 and maX(O,% —1) <r <m-—14min(1,1/p). Then we
have for n € N

9-mn if 0<p<2,

I —P™|L(S" B(RY, L (RY))| =
1= B LS, BER).LEDN = 4 sy

n if 2<p<oo.
(ili) Let p =00 and 0 < r < m — 1. Then we have

|- Pm |£(S§o7ooB(Rd),Loo(Rd))|| = pd-to=mm. neN.

Next we want to define the error of best approximation of a function f €
L,(R%), 0 < p < oo, by splines of degree less than m related to the hyperbolic
cross. For this purpose it will be convenient to introduce some further notation
first. Let

J

V™ .= span {./\/m(Qj - —k): ke Z}, j €Ny,

11



and
V' .= span {./\fm(le c—k1) @ . QNG (20 —ky)
FeNd, [jli=n, l%ezd},

n € Np. Sometimes spaces of this type are called sparse grid ansatz spaces.
Since “span” contains finite sums only we have V™ C L,(R%). We put

EP (L Ly®Y) =it {[| £~ g|L, R s geVr},  neNo.

Some comments are necessary. The classes V;" are nested, i.e. V' C V),
since

N () = 27mH i <7Z> N (22 — k), reR.
k=0

Furthermore, the spaces V" do not contain our basis functions wgn,; However,
it becomes obvious from Section 2.4/(iv) that ¢} belongs to the closure of
V717l = n, in L,(RY). Alternatively to the quantity E™(f, L,(R%)) one could
consider the following

EP(f.Ly(®Y) =int {| f = g|L, (R 5 g € L(RY, Jazelye st

o = Ly m
a;p=0 if |7}y >n and g:Z Zai,kwj,l}}’

jENG kezd
a concept which is related to the definition of the P". Fortunately we have
E:Ln(fa Lp(Rd)) = E?T(fﬂ LP(Rd)> .

This can be seen by using (iv) in our list of properties of the v, given above.
To have a compact formulation we shall use the following quantity:

SZL(F)p = sup E'(f, Lp(Rd))

IFllF<1

where F' — L, denotes an arbitrary quasi-Banach space.

Theorem 2.11 (Error of best approximation) Letd > 1 and let m € N.
(i) Let 1 <p < oo and 0 <r <m —1. Then it holds

EMSTH(RY), < 27, neN.

(i) Let 1 <p<ooand 0 <r <m—1+1/p. Then it holds

J 2-rn if 1<p<2,
g:f(‘s;,pB(R ))P = d—1)(L_1 (25>
nd=DG=3) g—rn if 2<p<oo,

12



n € N.
(ili) Let 0 < p < 1 and % —1 < r < m. Then there exists a constant c such
that

EK(S;WB(Rd))p <c27™

holds for all n € N.
(iv) Let p =00 and 0 < r < m — 1. Then there exists a constant ¢ such that

EM(Sh s BRY))oo < cn® 27 neN.

Remark (a) Observe S; B(R?) — STH(R?) if 1 < p < 2 and

SPHR?) — S7 B(R?) if 2 < p < oo, see [46]. All the inclusions are strict
except for p = 2 where we have coincidence.

(b) DeVore, Konyagin, Temlyakov [10] have also proved the upper bound in
(i). But we would like to mention a difference between the results in part (i)
and part (ii), respectively. The assumptions in (i) are more restrictive than
in part (ii). E.g., if m = 1, i.e. for the Haar system, part (i) is not applicable
whereas in (ii) the natural restriction r < 1/p shows up.

(c) In case 1 < p < 0o we refer to Kamont [17] for corresponding estimates in
terms of a certain modulus of smoothness for functions defined on [0, 1]%.

(d) Bazarkhanov [3,4] derived similar estimates by using Meyer wavelets in-
stead of splines.

(e) All estimates stated in Theorem 2.11 have counterparts in the classical
periodic context of best approximation by polynomials with frequencies taken
from a hyperbolic cross. We refer to Dinh Dung [11], Galeev [13], Romanyuk
[26], Temlyakov [37] and [34], [45]. However, the Littlewood-Paley theory for
the spline system U™ differs from the Littlewood-Paley theory of the trigono-
metric system. So, at least partly, our test functions are not the same as used
in the quoted literature.

At least for the most interesting case p = 2 there is a partial inverse of the
inequality (2.5). In fact we have the following equivalence.

Corollary 2.12 (Characterization via approximation)
Let 0 <r <m—1/2. A function f € Ly(R?) belongs to S5 ,B(R?) if and only
if the sequence (2 E™(f, Ly(R%))),, belongs to ly. Moreover, we have

o0

I F195BEN = 1@+ (3 (27 B @) )

n=0

Remark For m = 1 we refer to Oswald [24]. Let us further mention that
there is not much hope to generalize Corollary 2.12 to p # 2. In a slightly
different setting (approximation by entire analytic functions with frequencies
in the hyperbolic cross) it has been shown in [30] that the approximation

13



spaces A7 (R?) characterized by a condition
d - rn d @\ 1/a
17 1LY+ (3 (27 el L,@)) T <o
n=0

do not belong to the scales of Besov-Lizorkin-Triebel spaces except p = ¢ = 2.
Here &,(f, L,(R%)) has to be understood in a different context of approxima-
tion by entire analytic functions with frequencies in the hyperbolic cross. For
the approximation spaces related to approximation from hyperbolic crosses
we refer to DeVore, Konyagin, Temlyakov [10].

3 Proofs
3.1 Tensor products of Sobolev spaces

The proof follows along the lines of the proof of L,(R™!) = L,(R) ®,, L,(R?),
cf. [20, Chapt. 1]. We shall prove a more general result first. Let p be an
infinitely differentiable, positive function such that for any multiindex a € Ng
there exist a constant ¢z and a natural number mg; with

sup (1 + [€]) 7" (|Du(€)] + | D*(1/n(&))]) < ca - (3.1)

£€Rd

With other words, the functions pu, (1/u) as well as all their derivatives are
polynomially bounded. Then, for 1 < p < oo, we define

Hy(u, B = {f € SERY s | F P f] Ly (RY]| < o0}

Distribution spaces of such a type have been discussed by many authors, e.g.
by Hérmander [15], Panejach, Voljevich [47] and Bagdasarian [2]. Taking

d
=T+ &), €eRY r,...,ra €R,
=1

then H,(u, RY) = Syv--re H(R?).

Proposition 3.1 Let dy,ds € N, d = dy + dy, and let 1 < p < oo. Let
p1: R — C and py : R®2 — C be two functions as above. Then

Hp(MLRdl) Oa Hp(ﬂ'QaRd?) = Hy(1n ® #2,Rd) :

The proof of this proposition requires some preparation.
The set of all finite rectangles in R? with sides parallel to the axes will be

14



denoted by R(R?). The corresponding set of characteristic functions is de-
noted by R*(R?). Since [, : f — F'uFf is an isometry of H,(u, R?) onto
L,(R?) the inverse mapping sends dense subsets of L,(R?) into dense subsets
in H,(p, R?). The inverse mapping is given by I(1,,) (here we need (3.1)). The
outcome of this simple observation is the following.

Lemma 3.2 Let 1 < p < oco. Then the image of the set

K(RY) ::{ S mx;: n€N, ;€ C,x; € RY(RY),
=1
|supp x; N supp x;| = 0,4 #J’}

under the mapping 11/, is dense in H,(p, R?) .

After these preparations we are in the position to prove Proposition 3.1.

Proof of Proposition 3.1. Step 1. To begin with we shall verify the contin-
uous embedding

Hy (1, R%) @4, Hy(2, R%) — (1 © iy, RY) (3:2)
with d = d; + d».

Let h = 31", f;®gi, where f; € Hy(u1,R%?), g; € Hy(p2, R2) andi =1,...,n.
The linearity of 1,,,, as well as of I, yields

" p
Hh|HP(“1 & pa, Rd)Hp = [u1®u2 (Z fi® gi) Lp(Rd)
i=1
- mefi(x) 1,01 Lpy(R™)|| dx
R =1
= P
= [ (X tasite) - 00) | o) |
R41 =1
- D L fi@) - gi| Hp(po, R®)| da.
i=1

Now we make use of the fact

lg| X1 = sup  |d(g)|
peX’
X<t

15



for normed spaces X. With X = H, (2, R%) and Holder’s inequality (1/p +
1/p’ = 1) we obtain

P
B[ Hy (111 ® pan, R = / sup i

o IWIXI<1

[ulfi(ﬁ) - (gs)

=1

n n p/p’
< [ (S k@) sw (Xwiolr)" a
pd; =1 Iy X7I<1

~ sup (il gz\p> Z/]Imfl )P da

el X<t P
= s (S i@,
lplx[<1

Taking the infimum over all representations of h we end up with
1R Hy(py @ o, R <y, Hy (1, R, Hy (12, R™))
which implies (3.2) (see also (B.4) and (B.3)).
Step 2. We proceed with a proof of
Hy(p1 © pig, RY) = Hy (1, R") ®4,, Hp(p12, R®) . (3.3)

First we consider a function h € I(1 /(e K (RY), Le.

Liewh = an‘)( Zf]@)g],

J=1

where f; and g; are multiples of characteristic functions of finite rectangles. It
is not difficult to see that we may choose these functions f;, g; in such a way
that |g;|L,(R%)|| =1, j = 1,...,n, and supp g; Nsupp g; = 0 if i # j. Thanks
to this special choice of the functions g; we find

h H, (/’LlaR(h) H (M27Rd2))

1/p n
<Z ||11/N1fz|H ([LhRdl)H ) ) ”S”U‘El Zmll/ﬂ2gi HP(HJ%RdQ)
Mip =1
n 1/p
= (S haL@nr) - s [ na o, @)
lInllp<1

NgERA

L,(R*" v g L))
1:] )" sup (3 bl g L (R%)]

Inllp<1 \ =1

@
Il
—

M=

2
(
(

L@F) "

@
I
—
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On the other hand we conclude

n p
bl Hy (1 @ o2, RO = | S f; @ g5/ Ly (RY)
j 1
=3 [ 1@ L) P da
.7 I]Rdl

—ZHfz\L )P

Hence, the special choice of the functions g; implies

1/p
148 © s B = (2 I L)

With (3.4) we obtain
ay(h, Hy(uy, R™), Hy (112, R™)) < |[AIH, (11 © o, RY) |

for all such functions h € I(1/(ueu) K (R?). A density argument, see Lemma
3.2, completes the proof of (3.3). O

Proof of Theorem 2.1. Choosing either
d
ul(n) = (1 + |77‘2)r1/2 and ,ug(g) - H (1 + |§,|2)n-+1/27
i=1
n€R,ECRY or
d
Ml(é) = H (1 + |fz| )M/Q and M2(77) — (1 + |n|2)rd+1/2

=1

then the theorem follows immediately from Proposition 3.1. O

3.2 Tensor products of weighted sequence spaces

Let I be a countable index set. Let w = (w(j)),er be a sequence of positive real
numbers. Let 0 < p < oco. Then ¢,(w, I) consists of all sequences a = (a;)jer
of complex numbers such that

ettt Dl = (S laui) )" < oo

jel

17



Clearly, £,(w; ® wy, N?*) means the collection of all sequences (a;x);ren such
that

a6, (w; ® ws, N2)|| = (i i (a5 01(5) wa(F) |p>1/p .

j=1k=1

Furthermore, co(w, I) denotes the closure of the set of finite sequences with
respect to the norm

laleo(w, D == Il alloc(w, D] = sup | a;w(5) |-
J

Proposition 3.3 Let 1 < p < co. Then
fp(wl, N) ®ap ép(’wg, N) = Ep(wl X Wa, NQ) (34)
The norms on the left-hand side and on the right-hand side coincide.

Remark Formula (3.4) represents a special case of the more general formula

Lp(111) ®ay, Lp(p2) = Ly(p1 @ pa).

valid for arbitrary measures p; and po, see Defant and Floret [8, 7.2, p. 79,
186].

For the convenience of the reader we shall give an elementary proof of Propo-

sition 3.3. The only nontrivial fact we will use within this proof is (¢,)" = ¢,
where 1/p+1/p' = 1.

Proof of Proposition 3.3 . Step 1. We shall prove
ép(wl, N) ®ap ﬁp(wg, N) — €p<w1 & Wa, N2) .

Let h € £,(w;,N) ® £,(w2,N) be given by

h = (hie)ke, hie = a,by, k.t eN,

=1

where (al)i € £,(wy,N), (b%)¢ € £,(wq,N), i =1,...,n. Then, using (£,) =y
where 1/p+ 1/p’ = 1 and Hélder’s inequality, we obtain

18



> 3wty us)] Y- aibif = St (X w0 eitr)
=1 (=1 i1 i=1
= Z wi(k) sup Z ng d¢ ay, by
k=1 I6]€,/[1<1 1 4=1 p=1
0 n 0 '\ /P
<3 ut®) (Slr) s (3] S0 s] )
k=1 161111 N =1 | p=1
- <Z|]a’ |€p(w1,N)Hp> sup sup Z \; ng ) 00 b}
i=1 161,/ [I<T AL lIST T 5=1
no n . P
—(ZIW |£,,(w1,N)Hp) sup || 30 A0 p(wQ,N)H .
i=1 [IMepll<T T 5—1

Since this is true for all representations of h we conclude
1y 1w, N2 < | o 01, N) Gy (03, N
Step 2. Now we deal with
Cp(w1 @ w2, N?) = £y(w1,N) ®q, £y(w2, N) .

Therefore, let h = (he)re € £p(w1 ® wy, N?) such that only finitely many
components are not vanishing. Let hy, = 0 if either £ > M or if £ > N. Then

hzfi kg 6k®€g Z (thgwg > ®(1/w2(€))€g, (35)

(=1 “k=1

where e, denotes the elements of the canonical basis. Let ay := nyzl Dy €.
It follows

[[21€p (w1, N) ®a, €p(ws, N)|[?
N

N p
< (w0 S acltplwn, MIP) sup | 352 =5 ey, )
= Mel<t = wa(f)

N
=> > wh(l) [y wi (k)P
(=1 k=1

Hence
| 1€y (w1, N) @, Lp(wa, N)|| < || 2|6y (w1 @ wa, N?)]|,

A density argument completes the proof. O

Proposition 3.4 Let 0 <p < 1. Then
lp(w1,N) @, £,(wa, N) = £,(w1 @ wa, N?). (3.6)

The quasi-norms on the left-hand side and on the right-hand side coincide.
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Remark (i) Formula (3.6) with p = 1 is well-known. We refer to [20, Cor. 1.16].
(ii) In the framework of a more general concept of tensor products of quasi-
Banach spaces, Nitsche [22] has proved a similar result for the unweighted
case.

Proof of Proposition 3.4. Step 1. We shall prove
lp(w1,N) @5, €,(w2,N) — £,(w; ® wy, N?) .

Let h € £,(w1,N) ® £,(w2,N) be given by

h = (o) hie = aj, by, k.t eN,
i=1
where (a}); € €,(wy,N), (b)) € €,(w2,N), i =1,...,n. Then the elementary
inequality (3; |¢;])? < X, |ei|P yields

b’L

I
NgE
Mg

1h]€p(wr @ wa, N%)|P

wy (k)Pws (¢

e
I
—
~
Il

1

IA
NE
Mg

k)Pws (¢ Zla 7 - |el”

e
Il
—
o~
Il
—

wy(k)Pwa(€)|ag[” - by ]?

I
NE
NE
K

@
Il
—
B
Il
—
~
Il

1

@' |Gy (wy, N) [P - [[o7 [, (w2, N)|JP

I
=1

1

~.
I

Since this is true for all representations of h we conlude
1Ay (w1 ® w2, N*)|| < (R, (w1, N), € (w2, N)) .
Step 2. It remains to prove
lp(w1 ® wa, N?) — £, (w1, N) ®,, €,(ws,N).
We follow the arguments from Step 2 in the proof of the previous Proposition.

By the same density argument it will be enough to deal with finite sequences.
Therefore, let

Z <thz,€w2(€) 6k> X (1/102(6))6@

(=1 “k=1

M N
:ZZ ke (ex ® eg)
k=1/¢=1

Then we obtain
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1216wy, N) @, ﬁp(wz, NI

N
<) Zhuwz l) ey

/=1 k=1

N M
o> fwa ()P fwy (k) [P [y P

{=1k=1
= || 216, (w1 ® wy, N*)|I7.

tyfaon, )| 1 eafwal0) 6y (wz, NP

This proves the claim. O

Proposition 3.5 Let p = occ0. Then
Co(wl,N) ®)\ Co(UJQ,N) :co(w1 ®U)2,N2>. (37)

The norms on the left-hand side and on the right-hand side coincide.
Proof. Let h € ¢o(w1,N) ® ¢p(we,N) be given by
h = (o), hie = aj, by, k.t eN,

i=1

where a' := (a,'ﬁ)k € co(wy,N), b := (b)) € co(wq,N) and i = 1,...,n. Here
we suppose aj, = b, = 0if k,¢ > n. Let X = ¢o(wy, N). Obv1ously,

0] 2 aidi

Il b |co(wy & we, N2)|| = sup wi (k) wsy
k,(EN

= sup wq(/ H(Zakbz> Co wl,N)H
{=1,...n i=1

o w0 ()
=1 el ]<1 =k

= sup sup wy(f) | D v(a’)b
[ X[[<1 £=1,....n

= A(h, co(wy,N), co(wy, N)) .

Vice versa, if

h= Z th,g (ek X 6[) = Z (Z hk,f U)Q(K) ek) & (1/w2(€)) €y .

k=1¢=1 =1 “k=1

(we put hy, = 0 if either £ > N or k > M) and using the abbreviations

t.— Z_:hwu@(é) ek and b= (1/wy(L)) e,
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we obtain

N

> ()b

(=1

= sup sup |¢(a)|
| X'||<1 £=1,...,N

Hh|Co(w1,N) & CO(w27N)H: Sup
[[91X"]|<1

Co(wz,N)H

M
=sup || > hyews(l) e Co(w1,N>H
£eN k=1
=sup wsy(¢) sup wy (k) |hgel
teN keN

= | hrleo(wr @ wa, N¥)]|.

A density argument completes the proof of (3.7). O

We formulate a few consequences of Propositions 3.3, 3.4, 3.5 for more special-
ized sequence spaces, see Definition 2.3. Switching in these propositions from
N to Ny x Z and from N to Ng x Z? (simply by renumbering) and selecting
the appropriate weights we obtain the following.

Corollary 3.6 Letry,...,rqg,rqr1 € R.
(i) Let 1 < p < oo. Then

by @a, 8,777 = 51D Qg b = )R,
(ii) Let 0 < p < 1. Then

by @, 8,777 = s VT @ bttt = s VT T
(iii) Let p = 0o. Then

DL @y Gz Tarih = gt @) plat = griraee Ty,
In (i)-(i7i) all quasi-norms coincide.
Now we investigate the counterpart of Corollary 3.6 for the spaces f.
Lemma 3.7 Let 1 <p < oo and ry,...,rq+1 € R. Then

T1 T2, Td+1 — T1y-057d Td+1 — GT1s72,-.,Td+1
fp ®ap Sp f_sp f®ap fp =5 f

in the sense of equivalent norms.

Proof. We argue similar as in the proof of Theorem 2.2 below. We combine
Propositions A.8, A.9 with the observation that the isomorphism J; used in
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Proposition A.9 is the tensor product of the isomorphisms J used in Proposi-
tion A.8. This is a simple consequence of the fact that J;' and J7'®...® J !
coincide on the space f'®...® f;¢. Hence, they coincide on f]' ®q, . . - Quq,, [,
From Proposition A.9 we know

Jy o SreeTUH(RY) — st f

and by general properties of tensor product operators and Proposition A.8 we
conclude

Jo i HJ(R)®a, .. Qo H'(R) — f' Qq, .. Qa, fp-

The notation has to be understood as the iterated tensor product, see the
remark after Theorem 2.1. Since Sjt"H(R?) = H}'(R) @, - - - ®a, HJ*(R),
see Theorem 2.1, we have done. O

3.3  Tensor products of Besov spaces

The heart of the matter consists in the assertions on tensor products of
weighted sequence spaces of the previous paragraph.

Proof of Theorem 2.2 As in proof of Lemma 3.7 we first combine Proposi-
tions A.7, A.9 with the observation that the isomorphism J; used in Propo-
sition A.9 is the tensor product of the isomorphisms J used in Proposition
A.7. This follows from the coincidence of J;! and J'®...® J~! on the space
bl ®...® bt Hence, they coincide on b7t ®;, . .. ®s, byt = s7i"4b (Corollary
3.6(i),(ii)), where 0, := o, if 1 < p < 00 and 9§, := 7, if 0 < p < 1. Therefore,
J7'®...® J ! yields an isomorphism of b ®;, ... ®s, br¢ onto Sy B(R?).
On the other hand we know that J®...® J is an isomorphism of B}! (R) ®s,
...®s, B4 (R) onto b} @5, . . . @5, by? using Lemma B.1, Lemma B.6 and Propo-
sition A.7. But this means that S7%"B(R?) and BJ! (R) ®s, . .. ®s, By (R)
coincide (up to equivalent quasi-norms). This proves Theorem 2.2(i),(iii). To
prove (ii) we use a similar argument, now in connection with Corollary 3.6(iii)
and Subsection 3.6. O

3.4 Sequence space isomorphisms

Proof of Theorem 2.5. It is enough to combine Theorem 2.1, Theorem 2.2
with Lemma B.1 and Lemma B.6. O
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3.5 Nonlinear approrimation spaces

1_1

Proof of Theorem 2.7. By means of [9, Thm. 4] we know that f € A} *(Ly(R%))
if and only if ((f,¥;5));x € ¢ and

| £ 1AE ™ (La®) = || ({50058 1

In view of Corollary 2.6(ii) we see

11 1 11

5 )i Ell = N5 )i ls8 27 Pl =< L f1SE ™7 P BRI

The proof is complete. O
3.6 Spline wavelet isomorphisms

Proof of Proposition 2.8. Step 1. The assertion in part (i) is covered by
Theorems 3.5 and 3.7 in Frazier and Jawerth [12] (see also the remarks on
the top of page 132 concerning the inhomogeneous counterparts), since the
functions ¢}, are smooth molecules.

Step 2. For part (ii) we refer to Bourdaud [5], for p > 1 also to Lemarie and
Kahane [19, Part II, Chapt. 6, Thm. 5] and DeVore [9]. Only the case p = oo
requires an additional comment. The references cover R,, € L(B}, .. (R),0)

as well as
o0 o0
D atii

7=0k=—00
with ¢ independent of (a;x);x and —m < r < m — 1. Furthermore, observe

Bl oo(®)| < cll (@ia)ie b

that the space bg;o consists of all sequences a = (a; ), € b, such that

lim  270H/2 g, = 0. 3.8

jm k] (3:8)

Obviously, the image of f € C§°(R) under the mapping R, belongs to b3, for
any s < m — 1. This and the fact that

hm<f7 ]T?k>:0 ) jGNO )

k| —o0

imply (3.8) with a;y, := ( f, 7}, ). Therefore, we have R,,(C5°(R)) C b"_ with
r < m — 1. Vice versa, the functions ¢,,, ¥, belong to C™ ?(R) and the
derivatives @%”_2), w,ST_Q) are uniformly Lipschitz continuous and rapidly de-

caying. Let o, w € C§°(R) be functions such that supp g, suppw are compact,
o(z) =1if || <1, and [w(z)dx = 1. Then it is not difficult to see that

o) (o) ew) e aswellas o) (Lw()x)

g g A,e—0 A,e—0
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holds with respect to || - |BL, . (R)|| for » < m —1. Assume now {a;x};x € b
and define

fN—ZZajwjkeB" (R), NeN.
J=0 |k|<N

Finally, observe for N < M

HfN ~ fur \B;,@R)H e sup 20 sup fayl
J>N+1 ke

+ sup 20D gup ]a]k|> — 0
3=0,...,N |k|>N —

by the given characterization of br This proves the norm convergence of the
sequence of partial sums { fy }x in B «(R). The limit is called f and by stan-

dard arguments we have ( f, 97} ) = aj7k for all j, k . Hence Rm(égopo(R)) =
.. O

Proof of Theorem 2.9. Theorem 2.9 follows from Proposition 2.8 combined
with Corollary 2.6. O

3.7 Error of best approximation

To begin with we shall prove Proposition 2.10. In case 1 < p < oo our main
tool will be Littlewood-Paley theory in a form developed in [10].

Lemma 3.8 Let 1 <p < oo. Let m € N. Then

1/2
| = 5 aau|n@)| = [( T X e ag) @)
jeNd kezd JeNY kezd
= (= S ) @
- 7,k 7.k P
JEN? kezd

holds for all finite sequences (a5 ;); k-

Proof. Let m = 1. Then 1, is essentially the Haar wavelet. For the Haar
system the claim is explicitly stated and proved in [10] (see the comments
before Lemma 2.2).

Let m > 2. Then v, is uniformly Lipschitz continuous, exponentially decaying
and satisfies a moment condition. Hence, Theorem 4.4 in [10] is applicable.
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Since W™ = (¢77);x is an orthonormal system we may apply Corollary 4.5 in

[10] as well. O

Proof of Proposition 2.10. Step 1. Proof of (i). Employing Lemma 3.8 we
obtain

£ = PRAIL®I= | 3 (0 v | L)
|7li>n kezd
1/2
(T ¢;7k>|2xf,k) Iy (RY)
l7l1>n kezd

<c27" [ (f, 07 s, -

This proves the estimate from above in (i). Now we turn to the estimate from
below. Our test functions are

Gn = 9~ (ntD(r+5—3) Y55 forsome |jli=n+1.

Because of || g, |StH(RY)|| =< 1, || gn |Lp(RT)|| =< 27 D7 see Theorem 2.9,
and P"g, = 0 we obtain

27 < || 1 — P |L(STH(RY), L(RY)|

for some positive constant ¢ independent of n. This completes the proof of (i).
Step 2. Let 1 < p < 2. We shall use the elementary inequality

I (Fe)e |Lp(E2) Il < NI (fe)e mingp,2) (L)
together with Lemma 3.8. Then

17 = PP L@ = X % (e v | LR
jli>n kezd
H y
(X Zu. w;,w»fﬁk) Iy (R
lili>n kezd
1/p
<c( X T HAUIPI A @)
|7l1>n kezd
-2 1/p
=( ¥ T w$k>|p2'f'l<2-p>p)
|7]1>n kezd

<c27" |1 95 [spbll -

This proves the estimate from above in part (ii) under the given restrictions.
Step 3. Let 0 < p < 1. Using the elementary inequality (3_; |c;|)? < X5 ¢;|?
we find

26



|~ > LEY| < 3 5 W 0mP e L[
lili>n kezd ljl1>n kezd

Z Z 2|J|1 )p| f >|

lili>n kezd

<27, 5 )7 bl -

Hence, the sequence (5, <n Sreza(fs ¢¥¥%) ¥4 )n converges in L,(R?). But
the same sequence converges in L,(R?), where

1
- < -—r and 1<qg< oo,

This follows from S ,B(R?) — Ly(R?), see e.g. [31, 2.4.1] or [14], and Step
2. Hence, also with respect to the L,-norm the limit of this sequence is f €
Sy, B(R) itself. This implies the estimate from above in part (i) with 0 < p <

Step 4. Let 2 < p < co. We argue as in Step 1. In addition we shall apply
Hélder’s inequality with 1/2 = 1/p+1/u. With f; = (XZgeza [(f, >|2 )1/2
it follows

17 =PrIL@Y = | 3 S L,(R")
lihi>n kezd o
1> kzZ:d|<f,w;7k>r2xﬁk) Ly(®)
jli>n ke
<q (ﬂz 15 !Lp(Rd)\l2>1/2
jli>n
<a( 2 2l ) (X 2oy

<epn@ oo (S g0 g, @)

[7l1>n

Since

| f5 | Lp(®E||P = 2500 57 | f,

kezd

the estimate from above in (ii) follows.
Step 5. It remains to deal with p = co. We find
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11 =PI IL®] = | 5 S, Lo (RY)

|Fli>n kezd
<> X (e

Ghi>n | kezd

<er >0 200 sup [(f, 0]

l7]1>n kezd

e (X 270 (S uE b

ﬁh>n

Loo(R%)

where we used again Section 2.4/(iv) in the third line. Since 33,5, 277l <
con?=1 27" the estimate in part (iii) follows.

Step 6. Estimate from below in (ii).

Substep 6.1. Let 0 < p < 2. We shall use the same test functions as in Step 1.
Because of || g, |S; ,B(RY)|| < 1, || g |Lp(RY)|| < 2=+ f 5] = n + 1, see
Theorem 2.9, and Pg”gn = 0 we obtain

27" < e[ = PP IL(S,,BRY), Ly(RY)|

for some positive constant ¢ independent of n.
Substep 6.2. Let 2 < p < co. We put

Ij:—{kEZd: 0§k5<2j‘,€—1,...,d}

and

foi= @D DEHD) S Sy e N

|3|1:n+1 EGI;

Then Theorem 2.9 implies

I 2185, B = i (52 a7 ) <

|7l1=n+1

Furthermore, by means of Lemma 3.8,

|l Lp(®E) =@ | (573 a2 ) |, ()
lilh=n+1 keI;
d—1 1 1/2 d
— (@D g(nt >7’( T 1) L,(]0,1]%)
ljli=n+1

< p@=D(G=5) g—(n+1)r

This completes the proof of (ii).
Step 7. Estimate from below in (iii).
Substep 7.1. Preparations. We claim that there is at least one integer k£ such
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that 1, (k) # 0, m > 1.

We need a few more facts about wavelets. Let R,,(§) := >5[ FNL(E +
27k)|? be the autocorrelation function of NV,,. These functions R, are trigono-
metric polynomials (apply Poisson’s Summation formula) bounded away from
zero. Our scaling functions ¢,, are given by (see Section 2.4)

FNm(E)

Fom(§) = ma §eR, (3.9)

where

FNu (&) = \/127 e~ M/ <sm£(/§2/2)>m £eR, (3.10)

and satisfy a refinement equation given by

R, A
Fom(28) = M (&) Fom(§) with M, (§) := @ cos™(€/2) e~mE/2 |

V B (26)

Obviously, the functions M, are 27 periodic C* functions satisfying M,,(0) =
1 and M,,(m) = 0. The Fourier transform of 1), is then given by

Frpm(28) = € M (7 + &) Fipm(€), € ER.

Let us further introduce the 27-periodic functions

On(€)i= S FNu(E+270),  Bu(6) = 3 Fiolé+2n0)

{=—00 f=—0c0

and

U(8) i= Y Fipm(E+ 2n0), EeR.

The decay of FN,,, m > 1, guarantees absolute convergence of these three
series (taking into account the boundedness of R,, and M, as well) and
continuity of the limit functions. The Fourier series of W,,(£) is given by
(1/v271) 52 Wm(k) €€, see Poisson’s summation formula in [36, Cor. 7.2.6].
From the decay properties of v,,, see Section 2.4, it follows that this series also
converges uniformly and hence W,,(¢) = (1/v27) S5 (k) €*¢ for all €.

Observe 9,,(€) = 0,,(£)/1/27 Rin(§), see (3.9). Let us calculate the value of

v, at some particular points. We obtain
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(e 9]

Un(§) = 37 (=1)" Mu((k + D)7+ €/2) Foom(mk +€/2)

k=—00

:ei5/2< i M ((20+ D)1+ £/2) Fon(2nl +£/2)

{=—00

S W2 27 1 E2) Feom(n(20+ 1) + 5/2))

{=—00

= ¢%/? (Mm(ﬂ +£/2) i Foom(2ml +£/2)

{=—0c0

V@) S Fom(n(20+ )+§/2)>.

l=—00

Using the functions defined above we arrive at

(€)= 2 (Ml + €72 0n(6/2) — MulE/2) @l + /7)) (3:11)
An easy calculation using equation (3.10) gives us

1 , © 1
Om(§) = ﬁQmeﬂmw sin™(£/2) Y Ex 2nm

{=—00

£eR.

We introduce a further abbreviation for the Eisenstein series

> 1
5m(§) = K;OO W s 5 eR.

This yields in particular

On(m) = = 2" (=i)" e ()

On(7/2) = \/127 om =i/ i (x [4) e, (/2) (3.12)

O,1(37/2) = \/127 oM (i)™ eI i (/) e (37/2)

If m is even then we have ©,,(w) # 0. This and (3.11) yield

U, (0) = =, (7) = —% £0. (3.13)

In case m > 1is odd we claim W,,(7) # 0. We argue by contradiction. Assume

0= Un(r) = i (W (37/2) @ (/2) — Ml 2) @ (3/2))

30



see (3.11), then it follows
Om(m/2) O©,,(37/2) .
\/ B (7/2) \/ R (37/2)

Using our formula for M,, this turns out to be equivalent to

M, (37/2) — M, (7/2)

R (37/2) (i)™ O (7/2) = Rpn(7/2) ©,,(37/2) .
With the help of (3.12) this identity can be transformed into
R (37/2) em(7/2) = Rn(70/2) € (37/2) .
Next we use R,,(£) = (1/v/27) €0y, (&) which gives
Eom (37/2) € (1/2) = Eom(7/2) €m (37/2) (3.14)

(see (3.12)). Therefore, (3.14) can not be true since £5,,(§) > 0 for all &,
em(m/2) > 0 and &,,(37/2) < 0. This and (3.13) imply that for all m > 1 the
continuous function V¥,, is not identically zero and consequently

0 < [ W |[Lo(—m,m)[* =27 D Jihm(k)|*.

k=—o00

Substep 7.2. The shifts ¢,,(- — k), k € Z, are, of course, also wavelets and
satisfy the same list of properties as v, itself. The spaces V] and the operators
P™ remain unchanged if we replace the generator ¢ by (- — k) for some
k € Z. In what follows we assume that ¢ denotes a shift of ¢, (ignoring m)
such that ¥(0) # 0. Consequently there exists a positive constant ¢ such that
forall n € N ,
en®ton/? < H > g
ljl1=n+1

Loo(R%)

holds. Here 3 indicates that we sum only over those vectors j satisfying j, > 0
for all £. Furthermore

|z,

|7li=n+1

Sro s BRY| =< 2n#1/2) -y e N,

Hence
n?h 2 <e|| 1= P L(SL n B(RY), Loo(RY))|
for some positive constant ¢ independent of n. O
Proof of Theorem 2.11. The Littlewood-Paley argument in Lemma 3.8

yields the uniform boundedness of || P™|L(L,(R?), L,(R?))||, n € Ny if 1 <
p < oo. Since P is a projection a standard argument leads to
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EQ(f, Ly(RY) < || f = Py f | Ly(RY)]|

<
<L+ Py L(L(RY), LR B (f, Ly(RY)) -

Hence E™(F), =< || I — P™|L(F, L,(RY))|| for any space F. This proves the
theorem if 1 < p < 0o. If p = 1 we use the test functions g, = 2~ (D=2
for a certain [j|; = n + 1 (see Step 6 in the proof of Proposition 2.10). This
gives [lga|ST1B(RY)[| < 1, [|ga|La(RY)[| = 270D and [|ga| Loo(RY)[| <
c2~ (D=1 Let h € V™. Then, by an argument we learned from [37, p. 252],
we obtain

2720 DD = | g, | Ly (RDIP = (g gn) = ( gy G — 1)
<Nl gn = P ILLRD| [l ga] Loo (R
< c27 D g, — I Ly(RY)]

which implies immediately £;"(S] B(R?)); > ¢27™ for some ¢ independent
of n. Finally, for all values of p the quantity || I — Py |£(S; ,B(R?), L,(R?))||
yields an upper bound for £7(S;  B(R?)), since

Ey(f, Ly(RY) = E}(f, Ly(RY). D

3.8 Characterization via approximation

Proof of Corollary 2.12. For p = 2 we have the identity
B (f, La(RY) = || f — B f | Lo(RY)

To continue we shall use some standard arguments. Observe

o) 1/2
11185, BERY| < | B L) + (3 227 || P f = P 1La(RY)?)
n=0
From this equivalence the inequality
d d — 52 a2\ 2
171855 BEY < e (11 F 1@+ (3 227 B La@®D)) )

n=0

follows by triangle inequality and the uniform boundedness of || P |£(Ly(R))]|.
Vice versa, using

lim P"f=f forall fe Ly(R?,

n—~o0

we derive

32



EI(f, LR = || Y- PR f — PP |La(RY 2

l=n

= > I Py f = B fIL(RY)

l=n

Hence

1@ ER(f, LaR))a 6ol =32 30 2 | Pt f — Pt f [ La(R

/=0 n=0

<ed 27| fIS5BRY|P.
=0

Since r > 0 the claim follows. O

A Appendix - Distribution spaces

As usual, S(R?) denotes the Schwartz space of all complex-valued rapidly
decreasing infinitely differentiable functions on R?. Its locally convex topology
is generated by the (semi-)norms

lollke = sup (1 + |2)* 37 [D%(2)] . k(€N

rER4 &l <¢
In other words, a sequence {¢;}; C S(R?) converges to ¢ € S(R?) in S(R?)
if and only if |[¢ — ¢;||x, —— 0 holds for all pairs (k,¢) € N2. Then we shall
j—oo

write ¢; 5 The space S'(R?) denotes the topological dual of S(RY). We

equip S’(RY) with the weak topology. The Fourier transform on S'(R%) will
be denoted by F and its inverse transform by F 1.

A.1 Classes of distributions on R

Here we recall the definition and a few properties of Besov and Sobolev spaces
defined on R. We shall use the Fourier analytic approach, see e.g. [41]. Let
¢ € C°(R) be a function such that ¢(¢f) = 1 in an open set containing the
origin. Then by means of

po(t) =o(t),  @i(t) =p27t)—p277*), teR, jeN,

we get a smooth dyadic decomposition of unity. First we deal with Besov
spaces.
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Definition A.1 Let 0 < p < oo and s € R. The Besov space By (R) is then
the collection of all tempered distributions f € S'(R) such that

oo 1/p
15 1B ®) = (L2 17 o710 L @)

is finite (modification if p = 0c0). By l%;AR) we denote the closure of C§°(R)
with respect to the quasi-norm || - [B; (R)].

In a similar way one could introduce Sobolev spaces of fractional order. How-
ever, here we prefer the interpretation as potential spaces.

Definition A.2 Let 1 < p < o0 and s € R. The fractional Sobolev space
H3(R) is the collection of all tempered distributions f € S'(R) such that

1f HHyR)| = [[F L+ [€7)*2 FAEON)ILR)
is finite.

Remark (i) These quasi-Banach spaces By (R) and H;(R) can be charac-
terized in various ways, e.g. by differences and derivatives, whenever s >
max(0,1/p — 1). We refer to [41] for details.

(ii) The spaces B, ,(R) and H,(R) do not coincide as sets except the case
p = 2. For p =2 we have Bj,(R) = H;(R) in the sense of equivalent norms.

Let us recall the definition 0, := max(0, % —1).

Lemma A.3 Let s € R.

(i) Let 0 < p < o0 and 1/p+ 1/p' = 1, where we put p’ = oo if p < 1. Then
S(RJ)r is dense in B, (R) and the dual space of B, (R) can be identified with
B> 7" (R).

P’
(ii) The dual space of B, ,(R) can be identified with By i(R).
(iii) Let 1 <p < oo, 1/p+1/p' =1 and s € R. Then S(R) is dense in H,(R)

and the dual space of Hy(R) can be identified with H *(R).

Remark We refer to [41, Thm. 2.3.3] for the density assertions and to
[41, Thm. 2.11.2, 2.11.3] and the references given there for the assertions con-
cerning duality.

A.2  Spaces of dominating mized smoothness on R?

Detailed treatments of Besov as well as Sobolev spaces of dominating mixed
smoothness are given at various places, we refer to the monographs [1,31], the
survey [29] as well as to the booklet [48].
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If ¢;, 7 € Np, is a smooth dyadic decompositon of unity as introduced in
Subsection A.1, then by means of

03 =i ®...Q@,,  J= (.-, Ja) €NG,

we obtain a smooth decompositon of unity on R

Definition A.4 Let 0 < p < o0 and rq,...,rqy € R. Then the Besov space
Spira B(RY) is the collection of all tempered distributions f € S'(RY) such

1/p
|15 BERS| = (3 20w | 7 F ()|, (RY)P)

jend

is finite (modification if p = oo). By S” """ "i B(RY) we denote the closure of
CS°(R) with respect to the quasi-norm H |Syira B(RY)|).

Again we introduce Sobolev type spaces as potential spaces.

Definition A.5 Let 1 < p < o0 and r1,...,7q € R. The fractional Sobolev
space with dominating mized smoothness S;t»"H (R%) is then the collection
of all tempered distributions f € S'(R%) such that

»(R)

is finite.

Remark (i) These classes Syt B(R?) as well as Syt H(R?) are quasi-
Banach spaces. If min(ry,...,74) > max(0, (1/p) — 1) then they can be char-
acterized by differences, we refer to [31] and [44] for details.

(ii) Again the spaces Syb-"B(R?) and S;"H(R?) do not coincide as sets
except the case p = 2. For p = 2 it holds S """ "IB(RY) = S5t" H(RY) in the
sense of equivalent norms.

Also here we need to know about density of S(R?) and duality. Recall o, :=
max(0,1/p —1).

Lemma A.6 Letr € R.

(i) Let 0 < p < oo and 1/p+ 1/p" = 1, where we put p’ = oo if p < 1. Then
S(R?) is dense in Sy, ,B(R?) and the dual space of S}, ,B(R?) can be identified
with S, 777 (RY).

(ii) The dual space of ,S%gomB(R) can be identified with Sy B(R?).

(iii) Let 1 < p < o0, I/p+1/p =1 and r € R. Then S(R) is dense in
SyH(R?) and the dual space of SyH(R?) can be identified with S;" H(R?).

Remark For the proof we refer to Vybiral [48, p. 42].
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A.83 Discretization of Besov and Sobolev spaces

There are different ways to discretize Besov or Sobolev spaces. Most conve-
nient for us will be the use of Daubechies wavelets. In connection with the
characterization of function spaces we refer to [5-7,21,42,48,49].

A.3.1 Wawvelet bases of Besov and Sobolev spaces on the real line

Let ¢ be an orthonormal compactly supported scaling function belonging to
CN(R). Let ¢ be an associated compactly supported orthonormal wavelet.
Then this function satisfies a moment condition of order N, see [7, Thm. 5.5.1]
or [49, Prop. 3.1]. We shall use the same abbreviations as done in (2.4).

Proposition A.7 Let 0 < p < co and suppose

max ('r, max (0, L 1) — 7’> < N. (A1)
p

(i) The mapping J defined by

f = (<fa wj,k>)j7k

generates an isomorphism of B, (R) onto by.
(ii) In case p = oo the mapping J : Bl (R) — b, is continuous. Fur-
thermore, if a = (a;x);x € bl then the tempered distribution f given by
f = 500 R e @ik Yk belongs to B (R) and there exists a constant c
such that o -

1" D0 astn Be @) < clla byl

j=0k=—cc

holds for all such sequences a.

Remark (i) Proofs in case p > 1 may be found in many places, see e.g.
Meyer [21] and Wojtaszczyk [49]. For p < 1 we refer to Bourdaud [5], Cohen
6] (r > max(0,1/p — 1)), Kyriazis and Petrushev [18] and to Triebel [42]
(general case). See also the survey DeVore [9] and the references given there.
(ii) Since ¢ does not belong to S(R?) the interpretation of the symbol (f, 1, 1)
needs some care. However, because of the compact support of ¢ and 1) we have

¢, veBY (R) forall 0<p<oo.
Now our restriction (A.1) allows an interpretation of (f, ;) by Lemma A.3.

Proposition A.8 Let 1 < p < oo and suppose |r| < N. The mapping J
defined by

[ = ((fs50))jk
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generates an isomorphism of H)(R) onto f.

Remark This result, even in a more general form, can be found in Triebel
[42]. We also refer to Frazier and Jawerth [12] and Kyriazis and Petrushev
[18], where corresponding estimates for more general systems (not only or-
thonormal) are treated.

A.3.2 Wavelet bases of Besov and Sobolev spaces on RY

An extension to spaces of dominating mixed smoothness has been given in
Vybiral [48]. Let ¢ and v be as in the preceding subsection. Defining

Vip(T1, s Ta) = gk (1) - gk (Ta)
we end up with the following characterization of Sy~ B(R?).

Proposition A.9 Letd > 1 and ri,...,rq € R.
(i) Let 1 < p < o0o. Let N = N(ry,...,rq,p) be sufficiently large. The mapping
Jy defined by

[ = (5650

generates an isomorphism of S;l"“’rdH(]Rd) onto sptTdf.
(i) Let 0 < p < oo. Let N = N(rq,...,rq,p) be sufficiently large.
The mapping Jq defined by

= ({650

generates an isomorphism of Syt B(RY) onto sit-Tdb.

(i) Let p = oo. Let N = N(ry,...,rq) be sufficiently large. The mapping
Ja Sgé:&’rdB(Rd) — sLLTab s continuous. Furthermore, if a = (a;1)55 €
stioTdb then the tempered distribution f := 2 jeNd 2 kezd G5 & Y55 belongs to

Sitsr B(RY) and there exists a constant ¢ such that

holds for all such sequences a.

Remark (i) Of some importance will be the fact that the mapping J; is the
tensor product of the isomorphism discussed in Propositions A.7, A.8.

(ii) Again the interpretation of (f, ;) needs some care. In view of Lemma
A.6 we can argue as in the remark after Proposition A.7.

(iii) In the periodic setting, i.e. on the d-dimensional torus T?, Schmeisser
28] constructed unconditional Schauder bases of Sy B (T?) consisting of
trigonometric polynomials.
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B Appendix - Tensor products

We shall deal with tensor products in several different situations.

B.1  Tensor products of Banach spaces

We follow [20], but see also [§].

Let X and Y be Banach spaces. X’ denotes the dual of X. Consider the set
of all formal expressions > I ; fi®¢g;, n €N, f; € X and g; € Y. We introduce
an equivalence relation by means of

D fi®gi~ Y u; @
i=1 Jj=1
if both expressions generate the same operator A: X’ — Y ie.
So(fi)gi =Y ¢luj)v;  forall pe X', (B.1)
i=1 j=1

Then the algebraic tensor product X ® Y of X and Y is defined to be the set
of all such equivalence classes. One can equip this set with several different
norms. We are interested in so-called uniform norms only. Let X;, X5, Y7, Y5
be Banach spaces. For T; € L(X;,Y;), i = 1,2, we define their tensor product
by

n

(Th @ To)h =) (T1fi) @ (Tags) , h = Zn: Ji®gi € X1® Xy, (B.2)

i=1 =1

We call a norm «a(-, X,Y) on X ® Y a uniform tensor norm if it satisfies

o((Ty ® Ty)h, Y, Ya) < | TaL(X1, Ya) || - IT2] £(Xa, Va) || (b, X1, Xo).

forallh =3 f;®g; € X, ® Xz and all Ty € £(X1, Y1), Tp € L£(Xa,Ys). The
=1

completion of X ® Y with respect to the tensor norm « will be denoted by
X®,Y.If ais uniform then T} ® T5 has a unique extension to X; ®, X> which
we again denote by 77 ® T5. Simple, but important, is the next property we
need.

Lemma B.1 Let Xy, X5,Y1,Ys5 be Banach spaces and let o+, X,Y) be a uni-
form tensor norm. Further we suppose that Ty € L(X1,Y1) and Ty € L( X3, Ys)
are linear isomorphisms. Then the operator Ti ® T5 1s a linear isomorphism
from X1 ®, Xs onto Y1 ®, Ys.
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Proof. Obviously, T} ®Ts € L(X1®4 X2,Y1 ®,Y2) and T} ' @Ty ' € L(Y) ®,
Ys, X1 ®4 X2). So it remains to show that

(Tl Xa T2)_1 = Tl_l Xa TQ_l
in the algebraical sense, which is a simple consequence of
(T1 (024 TQ) @) (Tfl & T271) =171 on }/1 ® Y’2 s

(Tfl X T271) o (Tl X TQ) =1 on X1 X X2

and a limit argument. Here I denotes the identity on the corresponding space. O

Next we recall three well-known constructions of tensor norms, namely the
injective, the projective and the p-nuclear norm.

Definition B.2 Let X and Y be Banach spaces.
(i) Let h € X @Y be given by

h:ij@)gj, ijX, ngY.
j=1

Then the injective tensor norm A(-, X,Y) is defined as

n

dow(f;) g

J=1

AMh, X,Y) = Sup{

vl: vext i<},
(ii) The projective tensor norm (-, X,Y") is defined by

WX Y) =it { S IAX gV 2 fe X, g eYih=3fiog).
j=1

=1

(iii) Let 1 < p < o0 and let 1/p+ 1/p" = 1. Then the p-nuclear tensor norm
a,(-, X,Y) is given by

a,(h, X,Y) =

e { (S 10x1P) s { (3 ot

p/ 1/p/
) :¢eY’,||w|Y’||31} ,

where the infimum is taken over all representations of h (as in (ii)).

Remark (i) All three expressions define norms, we refer to [20, Chapt. 1]. In
particular, A is independent of the representation of h.
(ii) In Definition B.2(iii) one can replace

s {(S @) e vy <1) (B3
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by

sup {

see [20, Lem. 1.44].

Z AiGi
=1

YH : (f} |)\i|p)l/p < 1}, (B.A)

B.2  Tensor products of distributions

As usual, we put D(R?Y) = C5°(R?). It is equipped with a topology: a sequence
{i}; € D(R?) converges to a » € D(RY) if suppy; C K, j = 1,2,...,
where K C R? is a compact subset and {D%p;}; converges uniformly to D%
for every multi-index & = (o, ...,aq) € N&. The topological dual of D(R?)
is denoted by D’'(R?). Tensor products of distributions is a well-developed
subject, mainly in the framework of D'(R?), we refer e.g. to [32, Chapt. IV],
[38, I11.13] as well as [16, Chapt. X]. We need the following.

Lemma B.3 Let T € S8'(R™) and S € S'(R%). Then there exists a unique
distribution U € S'(R4+42) called the tensor product of T and S and denoted
by T @P S, such that for all functions ¢ € S(R™) and ¢ € S(R®)

holds true. Furthermore, U is given explicitly by the formula

Ulp(z,y)) = Sy(Te(p(z,y))) = To(Sy(p(x, 1)),  peSRUHE).

Proof. In [16, Chapt. X] it is proved that

(T @7 S)(p(x,y)) = Sy(Tulp(x,y)) = Tu(Sy(p(z,y))) , pe SR,

defines a tempered distribution belonging to &'(R%+42). The uniqueness of
this distribution can be proved following the lines of the proof for the D'-
counterpart of Lemma B.3 (see e.g. [38, III.13]) making use of the facts:
D(R?) — S(RY) (topological embedding); D(R?) is dense in S(R?); and the

set
N . . .
{pngp{@ .®¢h . €DR), NEN,j:L...,N,k:L...,d}
j=1

is dense in D(R?). The proof is complete. O

By means of the linearity of distributions this implies the following.
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Proposition B.4 Let T; € S'(R4) and S; € S'(R®), i = 1,...n. Then
there exists a unique distribution U € S'(RT+%2) such that for all functions
0 € S(RY) and ¢ € S(R%)

holds true. Furthermore, U s given explicitely by

=1

B.3  Tensor products of spaces of distributions

Tensor products of functions and sequences have been the original source for
the introduction of the abstract tensor product. However, since we are dealing
with quasi-Banach spaces of distributions and sequences, we prefer to make a
few comments to the coincidence of these tensor products. First we recall the
notion of a reasonable cross-norm. A norm o on X ® Y is called a cross-norm,
if a(f®¢, X,Y) = fIX]|g|Y] for all f € X and all g € Y. Further, a
cross-norm « is called reasonable if, for all ¢ € X’ and all ¢ € Y’, the linear
form ¢ ® v is bounded on X ®, Y and has norm || ¢ | X[ || ¢ |Y|.

Let X and Y be spaces of tempered distributions such that S(R%) — X —
S'(R%) and S(R%) — Y — S'(R%), respectively. Similar to Subsection B.1
we can introduce the following set

X®DY::{h:ij®ng: fjeX,gjeY,nEN,jzl,...,n}.
j=1

Because of X — & we have S(R™) C X’ in the sense that a fixed function
¢ € S(R™) defines a continuous linear functional on X via

fe=fle) o feX, (B.5)

(analogously S(R%) C Y”). Let us additionally assume a dense embedding

=X

S(R%) X'

with the above interpretation. Under these assumptions the set X ®P Y

equipped and completed with a reasonable cross-norm « is isomorphic to
X ®, Y (see Subsection B.1). Indeed, let us suppose

Zfi®gizzuj®gj (B.6)
i=1 Jj=1
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in the sense of Subsection B.1. This implies

m

S0l - Bla) = S n(uy) - Blgy)

i=1 j=1

for all n € X" and 8 € Y’ and therefore (in the sense of (B.5))
>0 0i#) = Yo s(9)-,(4)
for all p € S(R™) and ¢ € S(R%). Then Proposition B.4 implies
f;ﬁ®Dgf:§éuj®Dgr (B.7)
i =

Vice versa, if we assume (B.7), then arguing backwards, we find that

n

Y file) g5 =D ui(w) - g;
i=1 j=1

holds in Y for every ¢ € S(R¥). Finally, because of the dense inclusion
S(R™) C X', we conclude the equality (B.6) (in the sense of Subsection
B.1) by a limit argument. Hence, in the case of Banach spaces X and Y
of distributions with the properties above we have the coincidence of both
approaches. We therefore write X ®, Y for both constructions.

Remark (i) All the spaces under consideration in Section 2 have the proper-
ties required in the previous consideration, see Lemma A.3 and Lemma A.6.

(ii) The injective, the projective and the p-nuclear norm are reasonable cross-
norms, cf. [20, Lem. 1.6, 1.8, 1.46].

B.4  Tensor products of sequence spaces

Let I and J denote countable index-sets. Then F(I) is the class (C-vector
space) of all functions f : I +— C. Similar as above we consider subspaces
X C F(I)and Y C F(J) and define the tensor product f ® g € F(I x J) of
feXandgeY by

(f®°9)(i,5) = f(i)g(j), iel, jeJ.
B.5  Tensor products of certain quasi-Banach spaces of distributions

We want to generalize the concept of the projective tensor-norm =y (see Defi-
nition B.2 (ii)) in order to include also special quasi-Banach spaces either of
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type X — S'(R?) or of type £,(w).

Let us mention that there is no hope for a general abstract theory of tensor
product for quasi-Banach spaces. At least one of the reasons consists in the
somehow “poor” dual spaces of some quasi-Banach spaces. This has to be
compared with (B.1). So we concentrate on those situations where the ten-
sor product has a meaning from the very beginning, i.e. for distributions and
sequences of complex numbers.

Definition B.5 Let 0 < p < 1.
(i) Let X and Y be quasi-Banach spaces such that X — S'(R™) and Y —
S'(R%). Then we define the projective tensor p-norm 7y, by

n 1/p n
XYY =it { (S UAIXIP IV I) s gy € Xogy € Vb =3 fy00g, ).
=1

j=1

(ii) Let X and Y be quasi-Banach spaces such that X = {,(w1) and Y =
Uy, (W) for some qi,q2 € (0,00]. Then the projective tensor p-norm is defined
as

n 1/p n
b XYY = int {( S UGXIP Y1) s gy € Xogy € Yih =Y fi&%g; )
j=1

j=1

Remark (i) 7, defines a uniform quasi-norm (p-norm) on X ® Y. The in-
equality
Vp(hl + h?a X> Y)p S ’Yp(hl, X7 Y)p + ’Yp(h% X» Y)p

as well as the uniformness are obvious.

(ii) Different attempts to introduce tensor products of quasi-Banach spaces
have been undertaken by Turpin [43] and Nitsche [22]. In particular the ap-
proach of Nitsche applies to so-called placid g-Banach spaces. Let us mention
that £, By (R) as well as S.~"¢(R?) are placid g-quasi-Banach spaces if
0<qg<l1.

We can carry over the definition of the tensor product of operators to the
present case, see (B.2). One has to check that this definition does not depend
on the chosen representation of h € X ® Y. But this can be done as in case of
Banach spaces, cf. [20, p. 19]. Now we are in position to formulate a supplement
to Lemma B.1.

Lemma B.6 Let Xy, Xo,Y1,Y5 be quasi-Banach spaces such that the pairs
(X1, X2) and (Y1,Ys) are admissible in Definition B.5. Let 0 < p < 1. Further
we suppose that Ty € L(X1,Y1) and Ty € L(X5,Ys) are linear isomorphisms.
Then the operator Tt @15 is a linear isomorphism from X, ®,, Xy onto Y1 ®,,
Ys.

43



References

1]

[14]

[15]

[16]

T.I. AMANOV, Spaces of differentiable functions with dominating mixed
derivatives, Nauka Kaz. SSR, Alma-Ata, 1976.

A.G. BAGDHASARYAN, On the interpolation properties of certain generalized
spaces of Besov type, Jenaer Schriften zur Mathematik und Informatik
Math/Inf/12/03, Jena, 2003.

D.B. BAZARKHANOV, Approximation of classes of functions with dominating
mixed differences by wavelets, Reports Nat. Acad. Kazakhstan, 2 (1995), 25-
31.

D.B. BAZARKHANOV, Approximation of classes of functions with dominating
mixed differences by wavelets, in: Contemporary questions in the theory of
functions and function spaces, Proceedings of the Univ. of Karaganda, Vol.
VI (2000), 16-30.

G. BOURDAUD, Ondelettes et espaces de Besov. Revista Mat. Iberoamericana
11 (1995), 477-512.

A. COHEN, Numerical analysis of wavelet methods, Elsevier Science,
Amsterdam, 2003.

1. DAUBECHIES, Ten lectures on wavelets, SIAM, 1992.

A. DEFANT AND K. FLORET, Tensor norms and operator ideals, North
Holland, Amsterdam, 1993.

R.A. DEVORE, Nonlinear approximation, Acta numerica 7 (1998), 51-150.

R.A. DEVORE, S.V. KONYAGIN AND V.N. TEMLYAKOV, Hyperbolic wavelet
approximation, Constr. Approx. 14 (1998), 1-26.

DinH DuNG, Approximation of functions of several variables on a torus by
trigonometric polynomials, Mat. Sb. 131 (1986), 251-271.

M. FRAZIER AND B. JAWERTH, A discrete transform and decomposition of
distribution spaces. J. Functional Anal. 93 (1990), 34-170.

E.M. GALEEv, Approximations of classes of periodic functions of several
variables by nuclear operators, Mat. Zametki 47 (1990), 32-41 (Russian),
engl. transl. in Math. Notes 47 (1990), No. 3, 248-254.

M. HANSEN AND J. VYBIRAL, Jawerth-Franke embeddings for Besov and
Triebel-Lizorkin spaces of dominating mixed smoothness, Georgian Math. J.
(to appear).

L. HORMANDER, Linear partial differential operators, Springer, Berlin, 1963.

L. JANTSCHER, Distributionen, Walter de Gruyter, Berlin, New York 1971.

44



[17]

[18]

[19]

[30]

31]

32]

A. KamoNT, On hyperbolic summation and hyperbolic moduli of
smoothness, Constr. Approz. 12 (1996), 111-126.

G. Kyriazis AND P. PETRUSHEV, New bases for Triebel-Lizorkin and Besov
spaces, Trans. AMS 354 (2002), no. 2, 749-776.

G. LEMARIE AND J.P. KAHANE, Fourier series and wavelets, Gordon and
Breach, 1995.

W.A. LicHT AND E.W. CHENEY, Approximation theory in tensor product
spaces, Lecture Notes in Math. 1169, Springer, Berlin, 1985.

Y. MEYER, Wavelets and operators, Cambridge Univ. Press, Cambridge,
1992.

P.-A. NITSCHE, Best N-term approximation spaces for tensor product
wavelet bases. Constr. Approz. 24 (2006), 49-70.

P. OswALD, On inequalities for spline approximation and spline systems in
the spaces LP (0 < p < 1). Proc. Intern. Conf. Approximation and function
spaces, Gdansk 1979, North Holland, Amsterdam, 1981, 531-552.

P. OswALD, On N-term approximation by Haar functions in H*-norms.
In: Metric function Theory and related topics in analysis (S.M. Nikol’skij,
B.S. Kashin, A.D. Izaak, eds.), AFC, Moscow, 1999, pp. 137-163 (translated

into russian).
A. PIETSCH, Approximation spaces, JAT 32 (1980), 115-134.

A.S. ROMANYUK, Approximation for Besov classes of periodic functions of
several variables in the space Lq, Ukrain. Mat. Zh. (Ukrainian Math. J.), 43
(1991), no. 10, 1398-1408.

S. ROPELA, Spline bases in Besov spaces, Bull. Acad. Polon. Sci. 24 (1976),
319-325.

H.-J. SCHMEISSER, An unconditional basis in periodic spaces with
dominating mixed smoothness properties, Anal. Math., 13 (1987), 153-168.

H.-J. SCHMEISSER, Recent developments in the theory of function spaces
with dominating mixed smoothness, Proc. Conf. NAFSA-8 in Prague 2006,
(ed. J. Rakosnik), Inst. of Math. Acad. Sci., Czech Republic, pp. 145-204,
Prague, 2007.

H.-J. SCHMEISSER AND W. SICKEL, Spaces of functions of mixed smoothness

and their relations to approximation from hyperbolic crosses, JAT 128
(2004), 115-150.

H.-J. SCHMEISSER AND H. TRIEBEL, Topics in Fourier analysis and function
spaces, Wiley, Chichester, 1987.

L. ScHWARTZ, Théorie des distributions, Hermann, Paris, 1957, 1959.

45



W. SICKEL, Tensor products of periodic Besov spaces, Jenaer Schriften zur
Mathematik und Informatik, Math/Inf/99/04, Jena, 1999.

W. SickeL AND T. ULLRICH, The Smolyak algorithm, sampling on sparse
grids and function spaces of dominating mixed smoothness, Fast Journal on

Approzimations 13(4) (2007), 387-425.

F. SPRENGEL, A tool for approximation in bivariate periodic Sobolev spaces,
in Approzimation Theory IX, Vol. 2, Vanderbilt Univ. Press, Nashville, 1999,
319-326.

E.M. STEIN AND G. WEISS, Introduction to Fourier analysis on Fuclidean
spaces, Princeton Univ. Press, Princeton, 1971.

V.N. TEMLYAKOV, Approximation of periodic functions, Nova Science, New
York, 1993.

H. TRIEBEL, Héhere Analysis, VEB Deutsche Verlag der Wissenschaften,
Berlin 1972.

H. TrRIEBEL, On Haar bases in Besov spaces, Serdica 4 (1978), 330-343.

H. TRIEBEL, Spline bases and spline representations in function spaces, Arch.
Math. 36 (1981), 348-359.

H. TRIEBEL, Theory of function spaces, Birkhauser, Basel, 1983.

H. TRIEBEL, Local means and wavelets in function spaces. In: Function
Spaces VIII, Banach Center Publ. 79, Polish Acad. Sci., Warszawa 2008,
215-234.

P. TurpIN, Représentation fonctionelle des espace vectorielles topologiques.
Studia Math. 73 (1982), 1-10.

T. ULLRICH, Function spaces with dominating mixed smoothness.
Characterizations by differences. Jenaer Schriften zur Mathematik und
Informatik Math/Inf/05/06, Jena 2006.

T. ULLRICH, Smolyak’s algorithm, sampling on sparse grids and Sobolev
spaces of dominating mixed smoothness. Fast Journal on Approzimations
14(1) (2008), 1-38.

T. ULLRICH, Smolyak’s Algorithm, Sparse Grid Approximation and Periodic
Function Spaces with Dominating Mixed Smoothness, PhD-Thesis, FSU Jena
2007.

L.R. VoLEVIC AND B.P. PANEJACH, Spaces of generalized functions and
embedding theorems, Uspechi Mat. Nauk. 20 (1965), 3-74.

J. VYBIRAL, Function spaces with dominating mixed smoothness,
Dissertationes Math. 436 (2006), 73 pp.

P. WoJitaszczyk, A mathematical introduction to wavelets. Cambridge
Univ. Press, Cambridge, 1997.

46



